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We describe the formalism of a quantitative analytic model for the evolution of realistic wiggly
(as opposed to Goto-Nambu) cosmic strings. The model is particularly suited for describing the
evolution of small-scale structure on string networks. We discuss model solutions in the extreme
limit where the wiggles make up a high fraction of the total energy of the string network (which
physically corresponds to the tensionless limit) and also provide a brief discussion of the opposite
(linear) limit where wiggles are a small fraction of the total energy. A companion paper will discuss
the detailed modelling and scaling behavior of the small-scale wiggles in the general model, together
with a basic comparison with numerical simulations.
I. INTRODUCTION
Vortex-lines or topological strings can appear in a wide
range of physical contexts, ranging from cosmic strings
in the early universe to vortex-lines in superfluid helium
(for reviews see [1–4]). Gaining a quantitative under-
standing of their important effects represents a significant
challenge because of their nonlinear nature and interac-
tions and because of the complexity of evolving string
networks. This is particularly topical given the recent
availability of high-quality data which one may use to
constrain these models, such as that of the Planck satel-
lite [5].
Considerable reliance, therefore, has been placed on
numerical simulations but unfortunately these turn out
to be technically difficult and very computationally costly
[6–13]. This provides strong motivation for alternative
analytic approaches, essentially abandoning the detailed
statistical physics of the string network to concentrate on
its thermodynamics. For the case of the simplest (Goto-
Nambu) string networks the velocity-dependent one-scale
(VOS) model [14–17] has been exhaustively studied, and
its quantitative success has been demonstrated by direct
comparison with numerical simulations [8, 18]. It allows
one to describe the scaling laws and large-scale properties
of string networks in both cosmological and condensed
matter settings with a minimal number of free parame-
ters. More elaborate approaches can certainly be adopted
[19, 20], though usually at a cost of a larger number of
free phenomenological parameters and/or (arguably) loss
of intuitive clarity.
Almost all the work done on cosmic strings so far
[1] was concerned with the structureless Goto-Nambu
strings. However, it is well known that cosmologically re-
alistic string networks are not quite of Goto-Nambu type.
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Numerical simulations of cosmic strings in expanding uni-
verses [6–13] have established beyond doubt the existence
of a significant amount of short-wavelength propagation
modes (that are commonly called wiggles) on the strings,
on scales that can be several orders of magnitude smaller
than the correlation length.
This small-scale structure can be optimally described
through its fractal properties [8]. On large scales we ex-
pect strings to be Brownian (dlarge ∼ 2), while on small
enough scales strings are smooth and locally straight
(thus having dsmall ∼ 1). Between these two scales, one
finds an intermediate fractal region that extends over sev-
eral orders of magnitude. This fractal region evolves in
time, spreading out between the initial correlation length
and the horizon size in such a way that any given physi-
cal scale is always loosing power. We stress that it is still
not clear under which conditions small-scale structure
continues building up indefinitely or eventually reaches
a scaling solution like the large-scale properties of the
network, although some progress has been made by a
number of authors [19, 20]. The present article is a first
step towards shedding some light on this issue.
A simple way of describing this small-scale structure
is to measure the effective energy density at the scale
of the correlation length. Note that this corresponds to
measuring the ratio of the total energy to the bare energy
of a given piece of string. In units of the usual Goto-
Nambu mass per unit length, the previous generation of
numerical simulations [6, 7] suggested that
µrad ∼ 1.9 , µmat ∼ 1.5 , (1)
respectively in the radiation and matter eras, while more
recent and higher-resolution ones [8] suggest
µ ∼ 1.25 (2)
in both epochs. The discrepancy is partly due to the
higher resolution of the latter simulations but also to the
slightly different definitions of the correlation length scale
in both cases.
Be that as it may, it is clear that a substantial amount
of the energy density of the string network can be in
2the form of these small-scale wiggles. One interesting
consequence of this fact is that the typical velocity on the
scale of the correlation length (usually called the coherent
velocity) is much smaller than the microscopic velocity.
In fact numerical simulations typically find [6–8]
vmic ∼ 0.6 , vcoh ∼ 0.2 . (3)
It goes without saying that these factors can have a dra-
matic impact in the astrophysical and cosmological con-
sequences of these networks, and hence in corresponding
observational bounds.
Due to the very limited number of degrees of freedom
available, the Goto-Nambu model cannot account for this
phenomenology, nor for the build-up of charge and cur-
rent densities which are expected to occur in many realis-
tic string-forming particle physics models. More general
string models [21, 22] are extremely useful for this pur-
pose, and the much larger amount of algebra required is
generously compensated by the resulting physical phe-
nomenology. Two cases where these models have been
shown to be useful are wiggly cosmic strings [23, 24] and
superconducting strings [25]. A first discussion of VOS-
type models for these was presented in [26], and in the
case of superconducting strings some further analysis can
be found in [27, 28].
Here we will focus on wiggly strings, and extend pre-
vious work [29] to obtain the mathematical formalism
necessary for a generalised VOS model that explicitly
accounts for the build-up of small-scale structures on
the strings. Specifically, this is done by fleshing out
the effects of the effective energy density at the correla-
tion scale (µ) and obtaining an evolution equation for it,
which will be coupled to the other two dynamical equa-
tions of the VOS model, for the characteristic length scale
and the root-mean squared (RMS) velocity. Having done
so we will discuss simple applications of this model, leav-
ing a full discussion of how it applies to realistic networks
in the early universe to a companion paper.
II. GOTO-NAMBU STRING EVOLUTION
The velocity-dependent one-scale (VOS) model pro-
vides the most convenient and reliable method by which
to calculate the large-scale quantitative properties of a
Goto-Nambu string network in cosmological and other
contexts [17, 30]. It is widely used for making quanti-
tative predictions of the potential observational implica-
tions of cosmic strings [1]. Given its simplicity, it is re-
markable how well the VOS model performs when tested
against high resolution numerical simulations of string
networks [8, 18]. More recently, it has also been shown
that this can be extended, if one is careful enough, to
describe string networks in cosmological scenarios with
extra dimensions [31, 32]. Here we will briefly review its
mathematical formalism, so as to make clear how it is
extended in the wiggly case.
The first assumption in this approach is to localise
the string so that we can treat it as a one-dimensional
line-like object. This is clearly a good assumption for
gauged strings, such as magnetic flux lines, but may
seem more questionable for strings possessing long-range
interactions, such as global strings or superfluid vortex
lines. However, good agreement between the VOS model
and simulations has been established in both ‘local’ and
‘global’ cases [17].
The second step is to average the microscopic string
equations of motion to derive the key evolution equations
for the average string velocity v and correlation length
L. This is a generalisation of Kibble’s original one-scale
model [33, 34], and has been described in detail elsewhere
[15, 16]. Kibble’s model describes string motion in terms
of a single characteristic length scale, denoted L. In par-
ticular, it is assumed that this length scale coincides with
the string correlation length ξ and the string curvature
radius R. We stress that this is an approximation which
can be tested numerically [8, 18]. By incorporating a vari-
able RMS velocity v, the VOS model extends its valid-
ity into early regimes with frictional damping and across
the important matter-radiation transition, thus giving a
quantitative picture of the complete history of a cosmic
string network.
A. Microscopic evolution
The motion of a cosmic string with worldsheet coordi-
nates σa and background space-time coordinates xµ with
a metric gµν is obtainable from a variational principle ap-
plied to the action
S = µ0
∫ √−γ d2σ , (4)
where µ0 is the string mass per unit length, which one
should in general expect to be of the order of the square
of the symmetry breaking scale. We will be discussing
strings in a background space-time where the line element
is
ds2 = a2
(
dτ2 − dx2) (5)
and we will choose the usual temporal transverse gauge,
that is
σ0 = τ , x˙ · x′ = 0 , (6)
with dots and primes respectively denoting derivatives
with respect to the time-like and space-like coordinates
on the world-sheet. Recall that the coordinate energy
per unit σ is defined as
ǫ2 =
x
′2
1− x˙2 . (7)
Then one can show that the microscopic string equations
of motion are
x¨+ 2
a˙
a
x˙(1− x˙2) = 1
ǫ
(
x
′
ǫ
)′
(8)
3and
ǫ˙+ 2ǫ
a˙
a
x˙
2 = 0 . (9)
For simplicity we are neglecting the effect of friction due
to particle scattering, since this is only significant at early
times. A thorough discussion of these effects may be
found in [15, 16]
B. Averaged evolution
As has been hinted above, the averaged quantities we
use to describe the string network are its energy E and
RMS velocity v defined by
E = µa(τ)
∫
ǫdσ , v2 =
∫
x˙
2ǫdσ∫
ǫdσ
. (10)
Any string network divides fairly neatly into two distinct
populations, viz. long (or ‘infinite’) strings and small
closed loops. In the following we will always be discussing
the long strings, except where explicitly stated otherwise.
The long string network is a Brownian random walk
on large scales and can be characterized by a correlation
length L. Bearing in mind the above assumptions, this
can be used to replace the energy E = ρV in long strings
in our averaged description, that is,
ρ∞ ≡ µ
L2
. (11)
A phenomenological term must then be included to ac-
count for the loss of energy from long strings by the pro-
duction of loops, which are much smaller than L. A loop
chopping efficiency parameter c is introduced to charac-
terize this loop production as(
dρ
dt
)
to loops
= cv
ρ
L
. (12)
In this approximation, we would expect the loop parame-
ter c to remain constant irrespective of the cosmic regime,
because it is multiplied by factors which determine the
string network self-interaction rate.
From the microscopic string equations of motion, one
can then average to derive the evolution equation for the
correlation length L,
2
dL
dt
= 2HL(1 + v2) + cv , (13)
where H is the Hubble parameter. The first term in (13)
is due to the stretching of the network by the Hubble
expansion which is modulated by the redshifting of the
string velocity, while the second is the loop production
term.
One can also derive an evolution equation for the long
string velocity with only a little more than Newton’s sec-
ond law
dv
dt
=
(
1− v2) [k(v)
L
− 2Hv
]
, (14)
where k is called the momentum parameter. The first
term is the acceleration due to the curvature of the strings
and the second is the damping term from the Hubble
expansion. Note that strictly speaking it is the curvature
radius R which appears in the denominator of the first
term. In the present context we are identifying R =
L, but one should keep this distinction in mind in more
general situations [18]. The parameter k is defined by
k(v) ≡ 〈(1− x˙
2)(x˙ · u)〉
v(1 − v2) , (15)
with x˙ the microscopic string velocity and u a unit vec-
tor parallel to the curvature radius vector. For most rel-
ativistic regimes relevant to cosmic strings it is sufficient
to define it as follows:
kr(v) =
2
√
2
π
1− 8v6
1 + 8v6
, (16)
while in the extreme friction-dominated case (v → 0), we
have the nonrelativistic limit
k0 =
2
√
2
π
. (17)
A detailed discussion of the generic form of the momen-
tum parameter can be found in [16].
C. Linear scaling
Scale-invariant solutions of the form L ∝ t (or L ∝
H−1) together with v = const., only appear to exist when
the scale factor is a power law of the form
a(t) ∝ tλ , 0 < λ = const. < 1 . (18)
This condition implies that
L ∝ t ∝ H−1 , (19)
with the proportionality factors dependent on λ. It is
useful to introduce the following useful parameters to de-
scribe the relative correlation length and densities, defin-
ing them respectively as
L = γt , ζ ≡ 1
γ2
=
ρt2
µ
. (20)
By looking for stable fixed points in the VOS equations,
we can express the actual scaling solutions in the follow-
ing implicit form:
γ2GN =
k(k + c)
4λ(1− λ) , v
2
GN =
k(1− λ)
λ(k + c)
, (21)
where k is the constant value of k(v) given by solving the
second (implicit) equation for the velocity. It’s easy to
verify numerically that this solution is well-behaved and
4stable for all realistic parameter values. Finally, in such
a scaling regime the string netork will be a fraction
ρGN
ρcrit
=
32π
3k(k + c)
1− λ
λ
Gµ (22)
of the universe’s total energy density.
If the scale factor is not a power law, then simple scale-
invariant solutions like (21) do not exist. Physically this
happens because the network dynamics are unable to
adapt rapidly enough to the changes in the background
cosmology. Examples of this are the transition between
the radiation and matter-dominated eras and the onset
of dark energy domination around the present day. In-
deed, since this relaxation to a changing expansion rate
is rather slow, realistic cosmic string networks are never
in scaling during the matter-dominated era [8, 16].
III. WIGGLY COSMIC STRINGS
We can now re-visit the above discussion in the context
of more general models. Further details can be found in
[21, 22, 26]. This section will concentrate on the micro-
scopic dynamics of these models. The averaged evolution
is considered in subsequent sections.
A. Generalized Lagrangians
The motion of a cosmic string is in general obtainable
from a variational principle applied to the action
S = −
∫
L√−γ d2σ ; (23)
where the worldsheet metric is given by
γab = gµνx
µ
,ax
ν
,b . (24)
Quite generically [21, 22], string models can be described
by a Lagrangian density L depending only on the space-
time metric gµν , background fields such as a Maxwell-
type gauge potential Aµ or a Kalb-Ramond gauge field
Bµν (but not their gradients) and any relevant internal
fields, contained in a function Λ (see below), that is
L = Λ+ JµAµ + 1
2
WµνBµν + . . . . (25)
The Maxwell and Kalb-Ramond fields are ideal for de-
scribing superconducting and global strings respectively,
but it turns out that for our purposes they can be set to
zero—the effect of small-scale structures can be encoded
in the function Λ.
The simplest Goto-Nambu string model obviously cor-
responds to a constant Lagrangian density,
LGN = −µ0 . (26)
Models having a variable Lagrangian density are usually
called elastic string models [21, 22]. The reason for this
is that the energy density in the locally preferred string
rest frame, which will henceforth be denoted by U , and
the local string tension, denoted T , are constant for a
Goto-Nambu string,
U = T = µ0 , (27)
but they are variable in general. In particular, one should
expect that the string tension in an elastic model will be
reduced with respect to the Goto-Nambu case due to the
mechanical effect of the current.
Since elastic string models necessarily possess con-
served currents [21, 22], it is convenient to define a
‘stream function’ φ on the world-sheet that will be con-
stant along the current’s flow lines. The part of the La-
grangian density L containing the internal fields is usu-
ally called the ‘master function’, and can be defined as a
function of the magnitude of the gradient of this stream
function, Λ = Λ(χ), such that
χ = γabφ,aφ,b ; (28)
notice that in more general cases with non-zero external
fields these would be covariant derivatives. In our case,
we will require a single scalar field, and the associated
current can be pictured as a mass current. This means
that we should think of wiggly strings as carrying a mass
current, which will renormalize the bare mass per unit
length µ0. Indeed, the model with Lagrangian density
L = −µ0
√
1− χ , (29)
has the equation of state
UT = µ20 . (30)
and it has been shown that this equation of state arises
in an exact way [35] in a macroscopic (in the sense of
smoothed) model of a wiggly string, that is a Goto-
Nambu string containing a spectrum of small oscillations
that one cannot (or does not want to) describe in micro-
scopic detail [23, 24].
Consistently with this physical picture, we will make
the simplifying assumption that the potential χ depends
only on the world-sheet time. We are therefore interpret-
ing it as an effective or renormalized quantity, defined on
a scale that is smaller than the horizon (which is the
scale beyond which the network is Brownian [8]) but still
large enough (just) for the (small-scale) dependence on
the space-like world-sheet coordinate to be negligible. In
this phenomenological (and admittedly somewhat sim-
plistic) sense it can be pictured as a mesoscopic quan-
tity. Possible ways to go beyond this approximation will
be discussed in a subsequent publication.
B. Microscopic evolution
The free string equations of motion can now be ob-
tained in the usual (variational) way. We retain the line
5element and gauge choice as in the previous section—see
Eqns. (5–6)—and the coordinate energy per unit length
along the string is still given by
ǫ2 =
x
′2
1− x˙2 . (31)
The only difference (apart from the additional amount
of algebra) is that there is now a further equation for
the scalar field φ. Indeed, rather than working with this
directly it turns out to be convenient to define the di-
mensionless parameter w by
Λ = −µ0w ; (32)
and then the local string tension and energy density are
simply given by
T
µ0
= w ,
U
µ0
=
1
w
, (33)
so that
T
U
= w2 . (34)
Incidentally, notice that the equation of state for these
networks has the form
3
p
ρ
=
(
1 +
T
U
)
v2 − T
U
. (35)
Hence wiggly strings still behave as radiation (p/ρ ∼ 1/3)
in the ultra-relativistic limit. On the other hand, in the
non-relativistic limit one has(
p
ρ
)
nr
= −1
3
T
U
≥ −1
3
(36)
while in the tensionless limit (T/U → 0)(
p
ρ
)
nt
=
1
3
v2 ; (37)
in particular, tensionless non-relativistic wiggly strings
behave as matter (p/ρ ∼ 0). It may be of interest to
assess the possible role of such strings in the context of
the dark matter problem, but this is beyond the scope of
the present work.
This being said, one can show that the microscopic
string equations of motion are
x¨+ x˙(1− x˙2) a˙
a
(1 + w2) =
w2
ǫ
(
x
′
ǫ
)′
, (38)
( ǫ
w
)˙
+
( ǫ
w
) a˙
a
[
2w2x˙2 + (1 + x˙2)(1 − w2)] = 0 , (39)
with the dimensionless parameter w obeying
w˙
w
= (1 − w2)
(
a˙
a
+
x
′ · x˙′
x′2
)
. (40)
Alternatively, one can substitute Eq. (40) into Eq. (39)
to obtain
ǫ˙
ǫ
+
a˙
a
x˙
2(1 + w2) = (1− w2)x
′ · x˙′
x′2
, (41)
It is trivial to check that in the Goto-Nambu limit, w = 1,
we recover the original Eqns. (8–9).
C. Simple consequences
Now, the total energy of a piece of string is
E = a
∫
ǫUdσ = µ0a
∫
ǫ
w
dσ ; (42)
note that part of this is the bare energy that can be
ascribed to the string itself,
E0 = µ0a
∫
ǫdσ , (43)
while the rest is in the small-scale wiggles.
Ew = µ0a
∫
1− w
w
ǫdσ . (44)
Each of these energies can in principle be used to yield
a characteristic length scale for the string network. For
example, the total length could be the length that a Goto-
Nambu string with the same total energy would have,
while the bare length measures the actual length. Inter
alia, this has the immediate consequence that we will
need phenomenological terms describing how energy is
changed between the bare string and the wiggles.
For example, in the case of the original (Goto-Nambu)
VOS model long string intercommutings did not affect
the evolution of the network and so we did not need to
directly model them. However, if one wants a model that
explicitly includes small-scale structure, then one must
consider these intercommutings, since it is well-known
that any inter-commuting will increase the number of
kinks on the string network—and consequently, from this
point of view, add energy to the wiggles.
From the point of view of an analytic model, the key
consequence of the existence of more than one length
scale is that we are no longer allowed to identify the three
natural length scales we considered in the Goto-Nambu
case, namely a characteristic (energy) length scale L, the
string correlation length ξ and the string curvature radius
R. In other words, we can no longer have a one-scale
model.
Moreover, one also needs to rethink the way in which
averages are defined. Specifically, when one is defining
average quantities over the string network (say, the aver-
age RMS velocity), should the average be over the total
energy
〈x˙2〉 =
∫
x˙
2Uǫdσ∫
Uǫdσ
, (45)
6or just the energy in string
〈x˙2〉0 =
∫
x˙
2ǫdσ∫
ǫdσ
? (46)
In other words, should pieces of string that have larger
mass currents be given more weight in the average?
Given the discussion so far, it should be intuitively clear
that the first definition is the natural one, although the
opposite choice deserves further discussion. These two
different averaging procedures can be applied to any
other relevant quantity. For a generic quantity Q, the
two averaging methods are related via
〈Q〉 = 〈QU〉0〈U〉0 . (47)
An averaged model for wiggly cosmic string evolution
should contain three (rather that two) evolution equa-
tions. Apart from evolution equations for a length scale
and velocity, there will be a third equation which de-
scribes the evolution of small-scale structure. This is
reminiscent of the three-scale model [19], but actually
there are two crucial differences.
First, in the three scale model all three evolution equa-
tions do in fact describe length scales, while in our case
only one of them does so (although a second equation
can dependently be converted into one that does). Sec-
ond, in the three scale model there is no allowance for
the evolution of the string velocities.
From a physical point of view, the natural way to in-
clude small-scale structure in this type of analytic model
is through an evolution equation for the renormalized
string mass per unit length µ, defined in the obvious way
µ =
E
E0
. (48)
Before moving on to discuss the averaging of these
equations for string networks and the corresponding
macroscopic behavior, let us point out that simple so-
lutions of these equations, for highly symmetric string
configurations, have been discussed in [26].
Here we will only highlight a single result, viz. that for
a wiggly circular loop in flat space-time, and hence to a
good approximation for any loops in the early universe
that are much smaller than the cosmological horizon, the
RMS velocity v2av = 〈r˙2〉 (the 〈〉 brackets denote an aver-
age over an oscillation period) and the ratio of the string
tension and energy density µ−2 = 〈w〉2, which is a mea-
sure of the loop wiggliness, are related by
1− 2v2av =
(
1− 1
µ2
)2
. (49)
Observe that the standard result v2av = 1/2 is recovered
in the Goto-Nambu limit µ = 1, but in general the effect
of the wiggles is to slow the loops down. For example, for
µ ∼ 1.25 suggested by recent high-resolution simulations
[8] we have v2av ∼ 0.44, while for µ ∼ 1.9 (typical of
earlier radiation era simulations [6, 7]) we would have
v2av ∼ 0.24.
On the other hand, in the tensionless limit (T/U → 0,
which corresponds to µ→∞) we have
v2av ∝ µ−2 . (50)
In other words, we expect that a network that builds
up so much small-scale structure that it becomes effec-
tively tensionless will asymptotically freeze (v ∼ 0). No-
tice, however that such behavior is different from what
is commonly called frustration, since that corresponds to
an equation of state p/ρ = −1/3 while as we saw above a
frozen tensionless network behaves as matter (p/ρ = 0).
IV. AVERAGED EVOLUTION
The averaging procedure for the transonic elastic
model is in principle identical to the one followed for
the Goto-Nambu case [14, 15, 26], although the added
complexity will manifest itself in several ways. We will
proceed fairly quickly, referring the reader to the above
references for a thorough discussion, although we will of
course point out the key differences between the two cases
as they appear.
In accordance with the analysis in the previous sec-
tion, we will define averaged quantities attributing more
weight to regions with more small-scale structure. Hence
we take the average of a generic quantity Q to be
〈Q〉 =
∫
Q ǫwdσ∫
ǫ
wdσ
. (51)
In particular, we will deal with the average RMS string
velocity, v2 = 〈x˙2〉 and also with the renormalised string
mass per unit length
µ ≡ E
E0
= 〈w〉−1 = 〈w−1〉0 . (52)
Strictly speaking, µ is a scale-dependent quantity, µ =
µ(ℓ, t) [8], but following up from our discussion of the be-
havior of the mass current at the end of Sect. III A the
µ thus defined is to be understood as a quantity mea-
sured at a mesoscopic scale somewhat smaller than the
horizon. Intuitively, an obvious choice will therefore be
the coherence length in the analytic model itself (more
on this below).
A. Network dynamics
By differentiating the above equations, one finds the
corresponding averaged evolution equations. Specifically,
the total length of a given piece of string—or the corre-
sponding density—evolves according to
7E˙
E
=
ρ˙
ρ
+ 3
a˙
a
=
E˙0
E0
+
µ˙
µ
=
[〈w2〉 − v2 − 〈w2x˙2〉] a˙
a
, (53)
and we can immediately see that, apart from the extra evolution equation that we will get for µ, we will also need to
write a large number of averages involving mixed products of powers of w and x˙2 factors in terms of the individual
quantities, µ and v2.
We can similarly obtain the following evolution equation for the energy density in string
E˙0
E0
=
ρ˙0
ρ0
+ 3
a˙
a
=
[
1− µ〈w(1 + w2)x˙2〉] a˙
a
− aµ
R
〈w(1 − w2)(x˙ · uˆ)〉 , (54)
where R is the string curvature radius. As one would expect the Hubble expansion essentially acts on the string
length, not the total length. In other words, stretching has the effect of decreasing wiggliness, just as it decreases
velocity. On the other hand, curvature tends to accelerate the strings, thereby decreasing the string energy and hence
tending to increase wiggliness.
Obviously the evolution equation for µ is in principle not independent, and can be obtained from the above.
However, one must be careful about the choice of lengthscale at which one is defining it. If this is a fixed scale, then
all one has to do is use the definition (Eq. 52) and take the difference of the dynamical equations for E and E0.
However, if we want to define it at the scale of the correlation length we must allow for the fact that this scale also
evolves with time. It follows that generically we have
µ˙
µ
=
E˙
E
− E˙0
E0
+
1
µ
∂µ
∂ℓ
ℓ˙ , (55)
where ℓ is the mesoscopic lengthscale at which we’re effectively defining µ. The energy terms can now be obtained
from the above equations, while the scale drift term can be related to the multifractal dimension (see for example
[36]), to yield, to second order in ℓ/R,
µ˙
µ
=
aµ
R
〈w(1 − w2)(x˙ · uˆ)〉+ a˙
a
[〈w2〉 − 1 + 〈(µw − 1)(1 + w2)x˙2〉]+ [dm(ℓ)− 1] ℓ˙
ℓ
. (56)
This also means that a drift term (with the opposite sign) should be included in the equation for the density in string
E˙0
E0
=
ρ˙0
ρ0
+ 3
a˙
a
=
[
1− µ〈w(1 + w2)x˙2〉] a˙
a
− aµ
R
〈w(1 − w2)(x˙ · uˆ)〉 − [dm(ℓ)− 1] ℓ˙
ℓ
, (57)
Notice that this makes physical sense: E is the total energy if the network, and thus an invariant quantity, but the
string energy E0 and µ do depend on the scale at which we have decided to measure them.
Finally the evolution equation for the string RMS velocity now has the form
˙(v2) =
2a
R
〈w2(1 − x˙2)(x˙ · uˆ)〉 − a˙
a
〈(v2 + x˙2)(1 + w2)(1− x˙2)〉 , (58)
and for analogous reasons there is also a scale drift term
in this equation which has the form
∂v2
∂l
dl
dt
=
1− v2
1 + 〈w2〉
∂
〈
w2
〉
∂l
dl
dt
. (59)
The physical interpretation of this term is not as sim-
ple as that for the renormalized mass, but one immedi-
ate consequence of the presence of this drift term is that
strictly speaking this is no longer a purely ’microscopic’
RMS velocity, but rather a ’mesoscopic’ one.
The coefficient in the drift term is unity for a Brown-
ian network (dm = 2) and vanishes for straight segments
(dm = 1): a straight line is a straight line regardless of the
scale at which one is looking at it. Naturally it also van-
ishes if we’re considering a time-independent scale. The
analogies between the evolution equations for µ and v
are manifest. Observe, however, an expected but crucial
difference: the curvature term in the wiggliness equation
vanishes both in the tensionless and the Goto-Nambu
limits, while that in the velocity equation only vanishes
in the tensionless limit.
Recall that v and µ are averaged quantities; they have
been put inside average signs, respectively in Eqns (58)
and (56) simply as a means to yield simpler algebraic
expressions; when expanding those expressions they can
be freely taken out of the averages since they have no
spatial dependence. Moreover, note that in order to ob-
tain the terms involving the curvature radius R in the
8above equations one needs to make use of the following
identities
1
ǫ(1− x˙2)
(
x
′
ǫ
)′
· x˙ = −x
′ · x˙′
x′2
=
a
R
(x˙ · uˆ) , (60)
where uˆ is a unit vector defined as
a
R
uˆ =
d2x
ds2
(61)
and
ds = |x′|dσ =
√
1− x˙2ǫdσ . (62)
These have been discussed in more detail in [15, 26].
B. Energy Loss Phenomenology
We still need to discuss what phenomenological terms
should be added to the above equations to account for
energy losses into loops and for the energy transfer be-
tween the bare string and the wiggles. (Recall that we are
focusing our analysis on the evolution of the long string
network.) The discussion is now slightly more elaborate
than in the Goto-Nambu case. Firstly we need to define
the string correlation length, which clearly needs to be
defined with respect to the bare (as opposed to the total)
string density. Specifically we have
ρ0 ≡ µ0
ξ2
. (63)
We will then make the further assumption that the corre-
lation length thus defined is approximately equal to the
string curvature radius defined in Eqn. (61) and appear-
ing in Eqns. (57–56),
ξ ∼ R ; (64)
such an assumption can be tested numerically [8], and al-
though not exact is sufficiently accurate for our present
purposes. (Nevertheless, we do stress that there are sit-
uations where it may break down dramatically—we shall
discuss such contexts in future work.) The correlation
length ξ still has a physically clear meaning, while the
other characteristic length scale L is now only a proxy
for the total energy in the network.
In analogy with what was done in Eqn. (12) for the
simple Goto-Nambu case, we define the fraction of the
bare energy density lost into loops per unit time as(
1
ρ0
dρ0
dt
)
loops
= −cf0(µ)v
ξ
. (65)
Numerical simulations suggest that small-scale structure
enhances loop production, and we phenomenologically
allow for this possible enhancement by allowing for an
explicit dependence on µ, encoded in a function f0(µ)
which should approach unity in the Goto-Nambu limit.
The behavior of this function will be further discussed
in the companion paper. It may also be possible to in-
fer it from numerical simulations with sufficiently high
resolution.
Importantly, in the wiggly case we have an additional
phenomenological term. Whenever two strings inter-
commute, kinks are produced (whether or not loop pro-
duction occurs). From the point of view of our model,
this corresponds to energy being transferred from the
bare string to the small-scale wiggles. We will model this
transfer from the bare string into the small-scale wiggles
as follows (
1
ρ0
dρ0
dt
)
wiggles
= −cs(µ)v
ξ
, (66)
in analogy with the above term for losses into loops. Be-
yond the fact that the phenomenological parameter s
vanishes in the Goto-Nambu limit, its precise behavior is
less obvious than the former one. Note that in particular
it should include the effects of kink decay on long strings
(notably due to gravitational radiation), a process that
is not accounted for in numerical simulations of string
networks. Further work will be required to understand
this parameter more thoroughly.
As for the fraction of the total energy lost into loops,
we need to take into account that the energy may be
come from the bare string or from the wiggles(
1
ρ
dρ
dt
)
loops
=
(
1
ρ
dρ0
dt
)
loops
+
(
1
ρ
dρw
dt
)
loops
. (67)
The energy loss from the bare string has already been
characterized by the parameter f0 in Eq. (65); defining
an analogous term for the losses from the wiggles(
1
ρw
dρw
dt
)
loops
= −cf1(µ)v
ξ
, (68)
we end up with(
1
ρ
dρ
dt
)
loops
= −c
[
f0
µ
+ f1
(
1− 1
µ
)]
v
ξ
= −cf(µ)v
ξ
,
(69)
where we defined an overall loss parameter f . We might
expect this term to have a stronger dependence on µ
than that of f0, to account for the fact that loops are
preferentially produced from regions of the long string
network containing more small-scale structure than av-
erage. There is clear evidence of this fact from numeri-
cal simulations [6–8]. Somewhat similar parameters have
been introduced before [19]; these are usually constant
and defined as the excess kinkiness of a loop compared
to a piece of long string of the same size. Here, we will
explicitly include a µ dependence.
As a simple illustration, if we fix f0 = 1, specify that
both energy loss terms strictly match the Goto-Nambu
case, and recall that
ξ2 = µL2 , (70)
9we immediately get
f(µ) =
√
µ , (71)
and therefore
f1(µ) =
µ3/2 − 1
µ− 1 , (72)
but again we emphasize that the detailed form of these
functions warrants further discussion, and should be
checked in high-resolution numerical simulations.
V. THE TENSIONLESS LIMIT
Before going into a full analysis of the wiggly model
(which we leave for a companion paper), it is instructive
to look into particular limits of the model. In this section
we study the tensionless limit where most of the energy
is in the small-scale wiggles (w → 0, T/U → 0), and
in the following one what we call the linear limit. Both
of these limits have the advantage of substantially sim-
plifying the dynamical equations while at the same time
allowing clear physical interpretations of the remaining
terms and the corresponing solutions.
The limit w → 0 physically corresponds to the local
string tension being negligible when compared to the en-
ergy density, T/U → 0, and hence to very high wiggli-
ness, µ≫ 1. This is in fact a very simple limit to study
(for example the scale drift term in the velocity equation
is negligible), but it will provide insights into the behav-
ior of wiggles that will be very useful for future studies.
We can start with the evolution equation for the RMS
velocity (Eqn. 58), which yields
v ∝ a−1 ; (73)
and using this result in the equation for the total energy
(Eqn. 53) then yields
E = const. , ρ ∝ a−3 . (74)
What is happening is physically obvious. The network
is conformally stretched, and since the stretching acts on
the string length the wiggliness will in fact have to be
decreasing. Moreover, since the network is frozen it will
eventually dominate the energy density of the universe.
Solving the Friedmann equation with the string density,
we immediately find
a ∝ t2/3 , (75)
in other words, this string-dominated universe is like a
matter-dominated universe. This is of course not a sur-
prise: we have already seen above that the equation of
state for wiggy strings in the tensionless limit is that of
matter, p/ρ→ 0 (cf. Eq. 37).
This physical interpretation can be confirmed by look-
ing at the remaining equations. We start by looking at
what happens on a fixed scale, and we easily find
E0 ∝ a , ρ0 ∝ a−2 . (76)
It then follows that the network’s correlation length is
proportional to the scale factor
ξ ∝ a , (77)
as indeed is the case for the total length in string
ℓ0 =
E0
µ0
=
E
U
∝ a , (78)
which confirms the conformal stretching. As for the
renormalized mass per unit length, since µE0 = E =
const. we immediately have in this fixed scale case
µ ∝ a−1 ; (79)
recall the mesoscopic interpretation of µ: since the net-
work is frozen but being stretched by the expansion, the
effective mass per unit length on a given scale is corre-
spondingly reduced.
It’s important to understand a key difference between
this case and the one previously discussed at the end of
Sect. III C, specifically concerning Eqn. (49). Recall
that in the tensionless limit of that case we had found
v ∝ µ−1. That situation effectively corresponds to a
Minkowski space limit (small scales, well below the hori-
zon) and the effect of wiggliness is to reduce the oscilla-
tion period of otherwise free loops. In the present sec-
tion we are effectively taking the opposite (super-horizon)
limit. Consequently expansion is not only important but
indeed crucial, and the string velocity and wiggliness (on
a fixed scale) are both damped, leading to µ ∝ v ∝ a−1.
In the general case where the scale where µ is defined
is allowed to vary, we have
E˙0
E0
= − µ˙
µ
=
a˙
a
− [dm(ℓ)− 1] ℓ˙
ℓ
. (80)
If we follow a scale that is proportional to the scale factor
(ℓ ∝ a), we find the suggestive
µ˙
µ
= [dm(ℓ)− 2] a˙
a
, (81)
and for a Brownian network µ and E0 would both be
constant. On the other hand µ will decrease (increase)
for a network with a smaller (larger) fractal dimension,
and E0 will have the opposite behaviour. Assuming for
simplicity a constant multifractal dimension we can in
fact write
µ ∝ adm−2 , ρ0 ∝ a−(1+dm) , (82)
or equivalentely
ξ ∝ a(1+dm)/2 ; (83)
and therefore the characteristic lengthscale L behaves as
L ∝ a3/2 ∝ t , (84)
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independently of the averaging scale and consistently
with the aforementioned behaviour of the total energy
E.
As an alternative, if we instead follow the horizon scale
(ℓ ∝ dH), for a ∝ t2/3 we have dH(t) = 3t, and relating
this to the scale factor we find (still assuming a constant
fractal dimension)
µ ∝ a(3dm−5)/2 , ξ ∝ a(1+3dm)/4 ; (85)
now µ will be a constant for a multifractal dimension
dm = 5/3. Interestingly, this is the fractal dimension
of a self-avoiding random walk in three dimensions [36].
Conversely, if we follow the scale of the correlation length
itself ℓ ∝ ξ we find
µ ∝ a4/(3−dm)−3 , ξ ∝ a2/(3−dm) , (86)
and again a constant µ will correspond to a self-avoiding
random walk, dm = 5/3.
VI. THE LINEAR LIMIT
The most interesting limit is what we’ll refer to as the
linear limit (w → 1, µ → 1) where the wiggliness is
small and can be treated as a linear order perturbation
to the Goto-Nambu case. In this case the energy in the
wiggles is only a small fraction of the total energy, and
can therefore be treated as a small perturbation of the
Goto-Nambu case. This limit may also be reasonable as
an approximation for comparisons with numerical simu-
lations, which typically start out with very little or no
small-scale wiggles.
We will therefore take the linear limit of our evolution
equations in the wiggliness parameter, thereby obtaining
a model that is much simpler than the generic case but
may still contain most of the relevant physics. At the
microscopic level, let’s define
w = 1− y , (87)
where y ≪ 1; macroscopically this corresponds to
µ ≈ 1 + 〈y〉 ≡ 1 + Y , (88)
where Y is similarly small and positive, and averaged
quantities are now defined as
〈Q〉 =
∫
Q(1 + y)ǫdσ∫
(1 + y)ǫdσ
∼ 〈Q〉0 + corr0(y,Q) . (89)
As expected, to first approximation the two previously
discussed averaging procedures are now equivalent for
quantities independent of w. This also implies that the
cross-terms now become trivial if we assume x˙2 to be
independent of w
〈wα1 x˙2α2〉 ∼ 〈wα1 〉〈x˙2α2 〉 ∼ (1− α1Y )v2α2 , (90)
since the neglected terms are all higher-order. As a sim-
ple example of the behavior in this linear limit, the re-
lation between the wiggliness and the averaged velocity
for a circular loop, given by Eqn (49), becomes
v2av ∼
1
2
(
1− Y 2) . (91)
In what follows we will be assuming that the veloc-
ity dependence of the parameter k(v) remains unchanged
from its standard form, which we discussed at the end of
Sect. II B. Specifically the assumption is that k does not
depend on the wiggliness beyond the dependencies on w
that are explicit in the curvature terms in Eqns (57–56).
This is an assumption that is adequate for our purposes
in this paper, but one that needs to be improved upon in
the future (particularly when dealing with cases of high
wiggliness).
One can then proceed to linearize the averaged evolu-
tion equations (Eqns. 53–56), and one finds after some
straightforward algebra
E˙
E
=
[
(1− 2v2)− 2Y (1− v2)] a˙
a
(92)
E˙0
E0
=
[
(1− 2v2) + 2Y v2] a˙
a
− 2kaY v
R
− [dm(ℓ)− 1] ℓ˙
ℓ
,
(93)
˙(v2) = 2v(1− v2)
[
ka
R
(1− 2Y )− 2v(1− Y ) a˙
a
− 1 + 2Y
2v
[dm(ℓ)− 1] ℓ˙
ℓ
]
(94)
Y˙ = 2Y
(
kav
R
− a˙
a
)
+ [dm(ℓ)− 1] ℓ˙
ℓ
; (95)
one can trivially check that the standard dynamical equa-
tions are recovered in the Goto-Nambu limit, Y = 0.
(Note that in this case also dm = 1.)
Finally, switching from conformal to physical time and
introducing the energy loss terms in accordance with the
discussion of Sect. IVB we end up with the generalized
(linear wiggly) VOS model evolution equations
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2
dL
dt
= 2[1 + v2 + Y (1− v2)]HL+ cfv
(
1− 1
2
Y
)
(96)
2
dξ
dt
= 2[1 + (1− Y )v2]Hξ + [2kY + c(f0 + s)]v + ξ [dm(ℓ)− 1] 1
ℓ
dℓ
dt
(97)
dv
dt
= (1− v2)
[
k
ξ
(1− 2Y )− 2Hv(1− Y )− (dm(ℓ)− 1)1 + 2Y
2vℓ
dℓ
dt
]
, (98)
dY
dt
= [2kY + c(f0 + s− f)]v
ξ
− 2HY + [dm(ℓ)− 1] 1
ℓ
dℓ
dt
, (99)
which again reduce to the original VOS model equations
for Y = 0. Recall that f0, f and s are in principle func-
tions of Y (cf. the discussion of of Sect. IVB) while k is a
function of velocity. Note that we expect both (f0+s−f)
and (dm − 1) to be linear in Y .
A simple analysis of the scaling behavior of these evo-
lution equations can now be carried out. It makes sense
to consider a situation in which ℓ ∝ t and look for the so-
lution with ξ = γξt, v = const, and Y = const. In order
to solve this we assume dm ∼ 1 + 2Y , which numerical
simulations [8] suggest may be a reasonable approxima-
tion. If γGN and vGN are the scaling parameters in the
Goto-Nambu case (refer to Eqn. (21) for their defini-
tions), then to first order in Y the new (wiggly) scaling
parameters are obtained (for c 6= 0) by solving the alge-
braic system
γξ ∼ cfv
2 [1− λ (1 + v2 + (1− v2)Y )] (100)
v2
v2GN
∼ 1 +
[
cλ (2−A− 2B)− 2k (1− 2λ)
2λ (k + c)
]
Y (101)
Y ∼ 2 (λ− 1) [(2A+ 1) k + (A+ 1) c]
[1− 2A+ 2D + (A− 2D)λ] k + [2D (1− λ) −A (2− λ)] c . (102)
Note the explicit dependence on the expansion rate
(recall that we are generically assuming a ∝ tλ). The A,
B, and D parameters come from writing the energy loss
terms as
f0 + s− f ∼ AY (103)
f0 + s+ f ∼ 2(1 +BY ) (104)
f0 + s ∼ 1 +DY . (105)
In particular, we can use the physical requirement that
Y be positive to impose constraints on the linear term in
the expansion of s (Y ). If we assume Eqns. (71) and (72)
(meaning A ∼ −1/2+D, B ∼ 1/4+D/2, and DY ∼ s),
then
Y ∼ 2 (λ− 1) [4kD + (1 + 2D) c]
(4− [1 + 2D]λ) k + (2− λ− [4λ2 − 6λ+ 4]D) c (106)
and now the requirement that both D and Y be posi-
tive implies that the denominator in Eqn. (106) must be
negative. If we further impose that the denominator be
large (so that Y may be small) then
D = lim
µ→1+
s (µ)
µ− 1 ≫
(4− λ) (k/c) + 2− λ
2λ (k/c) + 4λ2 − 6λ+ 4 . (107)
12
Note also that
lim
D→∞
Y ∼ (1− λ) [2 (k/c) + 1]
λ (k/c) + (2− 3λ+ 2λ2) . (108)
Recall that as in the standard Goto-Nambu scaling so-
lutions k is itself a function of velocity (and here it may
also further depend on the wiggliness) so the above are
all implicit solutions. Indeed, in this discussion we have
further assumed that f , f0 and s are µ-dependent.
If we assume, for example v ∼ 0.6, then these results
yield D ≫ 2, Yrad → 1.21, and Ymat → 0.73 - which
means there are surely realistic cosmological scenarios in
which this linear regime approach is not sufficient and a
full wiggly model is necessary. Note, however, that small
variations of the scaling velocity can change these values
enough for this linear approach to suffice (for example, if
v ∼ 0.7 then D ≫ 0.9, Yrad → 0.58, and Ymat → 0.43).
VII. CONCLUSIONS
In this work we have taken the first steps towards mod-
eling the evolution of more realistic cosmic string net-
works. We have built upon previous work in the liter-
ature and described the formalism required for a wig-
gly extension of the VOS model for Goto-Nambu cosmic
strings, which can describe the evolution of small-scale
structure on string networks.
While an analysis of the solutions of the full model is
left for a companion paper, here we have provided two
simpler but physically relevant limits of the geberal for-
malism. Specifically we have discussed model solutions
in the extreme limit where the wiggles make up a high
fraction of the total energy of the string network (which
physically corresponds to the limit where the tension is
arbitrarily small) as well as the opposite (linear) limit
where the wiggles only make up a small fraction of the
total energy of the network.
As one would expect–aind is confirmed by our analysis
of the linear limit of the model—whether or not small-
scale structure reaches a scaling regime depends on how
much of it is produced by intercommutings, and on how
much of it is removed by loop production and gravita-
tional radiation. It is important to realize that there is
a further degree of freedom, which is provided by the
expansion rate of the universe. Comparing our results
for the radiation and matter epochs, and assuming the
expected behavior of the phenomenological parameters,
this solution would predict larger small-scale structure on
correlation length scales in the radiation case. (Indeed,
this would be the cas for any scaling length scale, and not
just for the scale of the correlation length.) At the quali-
tative level this in agreement with numerical simulations
[6–8].
All this being said, we stress that the above analysis
is only approximate, and meant to provide some intu-
ition for the phenomenology of the model in the linear
limit. The above results are consistent (at least qualita-
tively) with the results of existing numerical simulations,
although these simulations probably have more small-
scale structure than can be reliably described by such a
linearized model. Thus a more robust comparison, al-
lowing for a detailed test of this linear limit agains simu-
lations, will most likely require custom-run simulations.
On the other hand, one should be able to compare ex-
isitng and future simulations to the full wiggly model,
which we will discuss in detail in a subsequent paper.
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